Abstract: The homology of a homotopy inverse limit can be studied by a spectral sequence with has E 2 term the derived functors of limit in the category of coalgebras. These derived functors can be computed using the theory of Dieudonn e modules if one has a diagram of connected abelian Hopf algebras.
H (holim I X) ! lim I H X where holim is the Bous eld-Kan homotopy inverse limit and the limit on the right is in the category of coalgebras. There is no reason to think that it is either injective or surjective; however, it is the edge homomorphism of a spectral sequence. This spectral sequence is a variant of one due to Anderson 1] and studied by Bous eld in 3]. The major advantage of our variant is that the E 2 term can be identi ed and computed by non-abelian homological algebra.
Let CA + be the category of graded connected coalgebras over F p and CA I + the category of I-diagrams in CA + . The point of this paper is that the functor lim I : CA I + ! CA + has right derived functors R s CA lim I , s 0, so that R 0 CA lim I = lim I and the bigraded vector space R CA lim I C is a bigraded, cocommutative coalgebra. Then we have Theorem C. Let X : I ! S be an I-diagram of connected spaces. Then there is a natural second quadrant homology spectral sequence. R CA lim I H X ) H holim I X p : Here X p : I ! S is the I-diagram obtained by applying the Bous eld-Kan p-completion functor to X. Because this is a second quadrant spectral sequence, convergence is a problem. For this we appeal to 3] or 13]. This accounts for some of the hypotheses of Theorems A and B. Beyond this there is the problem of computing R CA lim I H X. For example Theorems A and B are based on the assertion that R s CA lim I H X = 0 for s > 0 under the listed hypotheses. It is here that we use the assumption that H X : I ! CA + is actually a diagram of abelian Hopf algebras. The category of abelian Hopf algebras is equivalent to a category of modules called Dieudonn e modules and one can pass from the ordinary derived functors of lim I for modules to R CA lim I , at least in some cases. We give examples, at least when lim I s = 0 for s > 1 as modules. Even in this case R s CA lim I may not be zero for any s 0. Using these computations we make some calculations of the spectral sequence in cases where R CA lim I H X is not concentrated in degree zero. Included is an example of homotopy xed points. Finally, there is the problem of relating H holimX to H holim X p . Again there are techniques in 3] that apply.
Despite the title of this paper and the general thrust of this introduction, this is primarily a work in non-abelian homological algebra { ve of the six sections are devoted to the de nitions and calculations of R CA lim I . Only the sixth and last section contains homotopy theoretic applications. Sections 1 and 2 are devoted to the de nition and homotopical algebra foundations of R CA lim I { these derived functors are, in fact, the cohomotopy groups of a homotopy inverse limit of cosimplicial coalgebras, although this language is avoided until section 2. Section 3 is on Dieudonn e modules, Section 4 gives some calculations, and Section 5 contains the proofs of some technical lemmas.
The paper began as a meditation on Example 4.4 of 3], spurred on by a conversation with John Hunton. In fact, the proof of Theorem A given here may be regarded as a wildly expanded version of Bous eld's argument, and, in general, this paper owes a great debt to 3]. Finally, a conversation with Brooke Shipley on bicosimplicial spaces was useful for widening my scope. Several results for 13] make this paper go much more smoothly.
x1. Derived functors of limits in the category of coalgebras Let CA be the category of graded cocommutative coalgebras over a eld k. Later, we will specialize to the case where k = F p . As always in homotopy theory applications, is the cotensor product C 1 C 12 C 2 .
Because of the colimit in formula 1.2.1, lim I will not, in general, preserve surjections, even in the case of (in nite) products 1.2.2. Thus one will have derived functors. There are several possible de nitions of these. After some preliminaries, we will give a de nition in (1.8) which, while complicated, arises in homotopy theory applications.
Let J : CA + ! n + k be the \coaugmentation coideal" functor from connected coalgebras to positively graded vector spaces. Thus JC is nothing more than the elements of positive degree. The functor J has a right adjoint S with SW = L In particular, S C = C with isomorphism induced by . This can be seen by applying J to (1.4) and noting that the resulting cosimplicial vector space has a natural contraction.
This resolution can be used to de ne derived functors. For example, if P is the primitive element functor (1.5) R s PC = s P S C:
These derived functors were one of the main topics of 4]. We also use this resolution to de ne derived functors of limit. But we need another preliminary. Fix a small category I. The classifying space of the category I is the simplicial set BI with 0-simplices the objects of I and n-simplices, n 1, strings of arrows in I and the naturality of this construction yields an I-diagram of augmented cosimplicial coalgebras. Hence one obtains a bicosimplicial coalgebra S C which has a diagonal cosimplicial coalgebra diag S C. 1) The augmentation : C ! S C induces a map C ! diag S C which may or may not be an equivalence. See Example 1.10 below and Corollary 4.9.
2) Since R CA lim I C is the cohomotopy of a cosimplicial coalgebra, it is a bigraded cocommutative coalgebra. The switch sign depends on the total degree.
3) R 0 CA lim I C = lim I C since 0 diag S C is an equalizer and limits commute. The remainder of this section is devoted to two examples. However, combining this de nition with the description of hom(K; C ) given in 2.1.1 one has
where is the cosimplicial construction of the previous section. is a weak equivalence.
Proof: Combine Lemma 2.9 with the de nition 2.10. More is true however.
Lemma 2.12. Let C : I ! cCA + be an I-diagram of cosimplicial coalgebras and let C ! C 1 be a morphism of I diagrams so that To see the claim, let C 1 : I ! cCA + and C 2 : I ! cCA + be any two I-diagrams.
Choose morphisms of I-diagrams HA + is an abelian category with a set of projective generators. As such it is equivalent to a category of modules over a ring. Dieudonnn e theory says which modules over which ring. Let us assume the ground eld k = F p . 
are surjective for all i. Let H(n) be the unique (up to isomorphism) Hopf algebra so that D H(n) = F(n). Then if n is odd H(n) = (x) where denotes the exterior algebra and the degree of x is n. If n = 2p s k with (p; k) = 1, H(n) = F p x 0 ; x 1 ; : : : ; x s ] where the degree of x i is 2p i k and H(n) has the \Witt vector diagonal." The Verschiebung is described by x i = x i 1 is representable. Let N(k) 2 n + Ab be the module isomorphic to Q=Zin degree k. Then
The object J(k) is evidently injective since Q=Zis an injective abelian group. Also J(k) can be described explicitly using Remark 3. We now examine the implications for Hopf algebras. The connection to Hopf algebras is supplied by: x4. Derived functors of limits for abelian Hopf algebras.
We apply the technology of the previous section to calculate R CA lim I H for various diagrams of abelian Hopf algebras. Note that just as the forgetful functor from abelian groups to sets makes all limits of abelian groups, so too does the forgetful functor from HA + to CA + . Thus if H : I ! HA + is a diagram of Hopf algebras, the expression lim I H is unambiguous.
Recall that R CA lim I C = diag S C is a bigraded coalgebra. The elements of R s CA lim I C will be said to have cosimplicial degree s. An element in R CA lim I C] t will be said to have internal degree t.
The rst result concerns products; that is, the case when I is discrete. The proof is below in 4.4 after some preliminaries. Note that the statement about R 0 is automatic (See 1.9.3.), so the heart of the matter is the vanishing of the higher derived functors. 
If k is a eld and V a graded vector space over k which is concentrated in even degrees if the characteristic of k is not 2, let k V ] be the \polynomial algebra" on V ; that is, k V ] is the symmetric algebra on V , which becomes isomorphic to a polynomial algebra after one chooses a basis. x5. From cosimplicial Dieudonn e modules to cosimplicial Hopf algebras.
In this section we prove those technical results needed in Section 4 on passing from D H to H where H is a cosimplicial abelian Hopf algebra. We end with some generalities.
The rst result we used was Lemma 4.10, which we record now as: ( 1), and there is a spectral sequence
Now the chain complex of (5.5) has a contraction, so K(n) has a cosimplicial contraction and the K(n) = F p . Lemma 5.6 . Let H 2 cHA + be a cosimplicial abelian Hopf algebra. Then there is a natural map " : H ! H 1 in cHA + so that " and D " are isomorphisms and D H 1 is brant as an object in cD. It is an easy exercise that this is independent of the choices and (x) = 0 if and only if x is in the image of V in D H 1 . 
As in example 1.11, the map on E 2 terms is an isomorphism. Since Tot commutes with products, Tot( F p X ) = (X ) p , so we have isomorphic spectral sequences. But in 3], 4.14 it is proved that this spectral sequence converges completely to H ( X ). By Proposition 4.1, R CA ( )H X = H X concentrated in cosimplicial degree zero. This yields one of the isomorphisims. On the other hand, since (X ) p is also nilpotent
Note that we have proved that the isomorphic spectral sequences of (6.7.1) converge strongly. In either case, if R 1 P lim 1 = 0, the spectral sequence will collapse because it is a spectral sequence of coalgebras.
If I is the natural numbers (so X : I ! S is a tower) or I is the category of a nitely generated free group G (so X : I ! S is a G-space) then R 1 P lim 1 
